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Introdution
Let R be the loal ring of a point of an algebrai or algebroid urve over a
eld k of harateristi zero, and let Ω(R/k) denote its universal nite Kähler
module of dierentials over k. For the sake of simpliity we assume in this pa-
per that R is omplete without zero divisors and that k is algebraially losed.
There is a onjeture that the torsion submodule T of Ω(R/k) is non trivial if
R is not regular. The answer to this problem is still open in general, while it is
armative in a number of speial ases. (See for instane [6℄. Unfortunately
this report ontains many misprints whih are not the author's fault. A orret
version an be obtained from the author via e-mail.)
In [4℄ we have shown that, if there is a torsion, the anonial homomorphism
from Ω(R/k) into the dierential module Ω(R1/k) of its rst quadrati trans-
form R1 has a non trivial kernel. Further the torsion is trivial if R is regular.
Sine R1 is less singular than R it is therefore plausible to onjeture that the
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length of the torsion will derease when going from Ω(R/k) to Ω(R1/k).
1
If
one ould show that this length genuinely dereases, without previously know-
ing that there was a non trivial torsion, this would be a means of proving that
there was a non trivial torsion.
If R is a omplete intersetion there is a simple formula for the length ℓ(T ).
Then R1 need not be a omplete intersetion too, but if it is, the dierene
ℓ(T )− ℓ(T1) an easily be omputed and is > 0 if R is singular (Theorem 2.3).
A omplete intersetion with this property will be alled a stable omplete
intersetion. Espeially this is the ase for a plane urve or a urve through a
non singular point of a (twodimensional) surfae.
The general ase of an arbitrary omplete intersetion in more ompliated.
But if R is also a semigroup ring then R1 is a semigroup ring too, and we
an at least give an expliit lower bound for the dierene of the two torsions,
whih is > 0 if R is not regular (Remark 4.3).
Similarly, if R is an almost omplete intersetion and R1 is a omplete inter-
setion one has a formula for ℓ(T ) − ℓ(T1) whih shows that this dierene
is > 0 if R is singular (Theorem 2.3). In this ase we all R a nie almost
omplete intersetion.
Notations and Remarks
We denote by
k an algebraially losed eld,
R a omplete analyti loal k-algebra of dimension one without zero divisors,
m the maximal ideal of R,
K the quotient eld of R,
S the integral losure of R in K.
Then S ≃ k[[t]] is a formal power series ring in a variable t and therefore a
disrete valuation ring. Further S is a nitely generated R-module.
Let
ν denote the valuation on K with value group Z dened by S.
Any 0 6= x ∈ m is a system of parameters for R, and therefore R is a nitely
generated module over the disrete valuation ring
s := k[[x]].
Sine R has no zero divisors R is a even a free s-module and therefore
R is at over s.
Let
x ∈ m be an element of minimal value with respet to ν.
Then
q := (K : Quot(s)) is the multipliity of the loal ring R.
x ∈ m \m2, and therefore x is part of a minimal system of generators for m.
1
This does not follow from the fat that there is a non trivial kernel of the map
Ω(R/k)→ Ω(R1/k) sine in general new torsion elements will arise in Ω(R1/k).
Also there may be rings between R and R1 whose dierential module has a bigger torsion
than that of R, as was shown by J. Heinrih in [7℄.
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Let
n := edimR be the embedding dimension of R and
{x, x2, . . . , xn} a minimal system of generators for m as an R-module. One an
hoose the xi so that ν(x) < ν(xi) for i = 2, . . . , n. Then the rst quadrati
transform R1 of R is dened by
R1 := R
[
x2
x
, . . . , xn
x
]
Sine ν(x) < ν(xi) for i = 2, . . . , n we have R1 ⊆ S. Therefore R1 is also a
nitely generated free s-module and a loal ring. We denote by
m1 the maximal ideal of R1.
m1 is generated by
{
x, x2
x
, . . . , xn
x
}
. R1 does not depend on the hoie of x and
the xi (see [12℄).
Further we denote by
D : S −→ Ω(S/k) the universal nite derivation of S over k,
d1 : R1 −→ Ω(R1/k) the universal nite derivation of R1 over k,
d : R −→ Ω(R/k) the universal nite derivation of R over k,
δ1 : R1 −→ Ω(R1/s) the universal derivation of R1 over s,
δ : R −→ Ω(R/s) the universal nite derivation of R over s,
T1 := τ(Ω(R1/k)) the torsion submodule of Ω(R1/k),
T := τ(Ω(R/k)) the torsion submodule of Ω(R/k).
Both these torsion modules have nite length as R1- and R-modules respe-
tively.
Sine k is algebraially losed R1/m1 = R/m = s/s · s = k and therefore for
any R1-, R- or s-module of nite length the length ℓR1 , ℓR and ℓs as R1- or R-
or s- module respetively is equal to the dimension dimk as k-vetor spae.
1. A formula for the torsion of a omplete intersetion
Let R be a omplete intersetion.2 Represent R as a homorphi image of the
formal power series ring P := k[[x,X2, . . . , Xn]] = s[[X2, . . . , Xn]].
Let ϕ : s[[X2, . . . , Xn]] −→ R with ϕ|s = id and ϕ(Xi) := xi for i = 2, . . . , n be
that representation.
Then, sine P is a regular loal ring of dimension n and R is a omplete
intersetion of dimension 1, the kernel a of ϕ is generated by n− 1 elements.
2
Let R be a noetherian loal Ring, P a regular loal ring, a an ideal of P , and R ≃ P/a.
Then the minmal number of generators µP (a) of a as an P -module is given by
µP (a) = dimP − edimR + ε1(R) (see [11, Th. 21.1℄ for the formula and the beginning of
[11, 21℄ for the denition of the invariant ε1(R). ) One needs at least dimP − dimR
generators. So, in general, one has µP (a) = dimP −dimR+d with a non negative integer d.
In fat, d is an invariant, the deviation, of R and therefore independent of the hoie of P ,
beause from dimP − dimR+ d = µP (a) = dimP − edimR+ ε1(R) follows:
d = d(R) = ε1(R)−
(
edimR− dimR
)
.
In the ase d(R) = 0 the loal ring R is alled a omplete intersetion.
In the ase d(R) = 1 the loal ring R is alled an almost omplete intersetion.
While omplete intersetions are Gorenstein rings this is not so for almost omplete inter-
setions (see [9℄).
If one hooses P := s[[X2, . . . , Xn]], then dimP = n = edimR and therefore µS(a) = ε1(R).
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By [3℄, Satz 7 we have for an almost omplete intersetion
ℓR(T ) = ℓR(S DS/RDR) + ℓR(S/R) + ℓR
(
DK(R/s)
−1/R∗
)
,
where DK denotes the Kähler dierent and R
∗
omplementary module of R
over s. The lassial Dedekind dierent DD(R/s) is dened by
DD(R/s) := R
∗−1
. If R is a omplete intersetion then R is a Gorenstein ring
and therefore DD(R/s)
−1 = (R∗−1)−1 = R∗, so that the formula an be written
as
ℓR(T ) = ℓR(S DS/RDR) + ℓR(S/R) + ℓR(DK(R/s)
−1/DD(R/s)
−1).
By [8℄, Satz 1 DK(R/s) is equal to the Noether dierent DN(R/s), and by
[1℄, III, Satz 7 the Noether dierent DN(R/s) is equal to DD(R/s). Therefore
DK(R/s) = DD(R/s). ( See also [10℄ Corollary G.12.)
So be obtain:
1.1. Theorem. If R is a omplete intersetion then
ℓR(T ) = ℓR(SDS/RDR) + ℓR(S/R)
1.2. Remark. If R is a omplete intersetion whih is also a semigroup ring
then by Corollary 5.3 we have ℓR(SDS/RDR) = ℓR(S/R), so that in this ase
ℓR(T ) = 2 · ℓR(S/R)
(For the ase of a plane urve see also [16℄, Theorem 4)
2. Nie almost omplete intersetions
and stable omplete intersetions
2.1. Denition. R is alled a nie almost omplete intersetion if R is an al-
most omplete intersetion, and its rst quadrati transform R1 is a omplete
intersetion.
R is alled a stable omplete intersetion if R and also its rst quadrati trans-
form R1 are both omplete intersetions.
2.2. Example. The loal ring R of a point of a urve on a surfae in a non
singular point of the surfae (e.g. a plane urve) is always a stable omplete
intersetion:
The maximal ideal m of R is generated by two elements {x, x2}. Then the
maximal ideal m1 of R1 is also generated by two elements
{
x, x2
x
}
. It follows
that both rings are fator rings of formal power series rings in two variables.
Sine their dimensions are one, their relation ideals are prinipal, and so both
rings are omplete intersetions.
If R is a nie almost omplete intersetion we an apply the formula of
[3℄, Satz 7 to R and the formula of Theorem 1.1 to R1, obtaining:
SDS
R1DR1
RDR
ℓR(T ) = ℓR(SDS/RDR) +ℓR(S/R) + ℓR
(
DK(R/s)
−1/R∗
)
,
ℓR1(T1)= ℓR1(SDS/R1DR)+ℓR1(S/R1),
while in the ase of a stable omplete intersetion the rst formula is
redued to
ℓR(T ) = ℓR(SDS/RDR) + ℓR(S/R).
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On the other hand, sine ℓR = dimk = ℓR1 , subtrating the two formulas above
we get:
2.3. Theorem. If R is a nie almost omplete intersetion then
ℓR(T )− ℓR1(T1) = dimk(R1 dR1/R dR) + dimk(R1/R) + dimk
(
DK(R/s)
−1/R∗
)
If R is a stable omplete intersetion then
ℓR(T )− ℓR1(T1) = dimk(R1DR1/RDR) + dimk(R1/R)
2.4. Remark. If R is also a semigroup ring then by Corollary 5.4 we have
dimk(R1DR1/RDR) = dimk(R1/R) so that in this ase we obtain
ℓR(T )− ℓR(T1) = 2 dimk(R1/R) + dimk
(
DK(R/s)
−1/R∗
)
in the ase of a nie almost omplete intersetion and
ℓR(T )− ℓR1(T1) = 2 dimk(R1/R)
in the ase of a stable omplete intersetion, where the last formula follows
already by applying Remark 1.2 to R and R1.
3. A general formula for ℓR(T )− ℓR1(T1)
Sine K is separable algebrai and nite over Quot(s) we have Dx 6= 0. By
Satz 6 of [3℄ applied to R1 and to R over s respetively and using the fat that
ℓR = dimk = ℓR1 we get
ℓR(T ) = dimk Ω(R/s)− dimk Ω(S/s) −
(
dimk(S/R)− dimk(SDS/RDR)︸ ︷︷ ︸
≥0 by Corollary 5.3
)
.
ℓR1(T1)= dimk Ω(R1/s)− dimk Ω(S/s)−
(
dimk(S/R1)− dimk(S DS/R1DR1)︸ ︷︷ ︸
≥0 by Corollary 5.3
)
.
Subtrating both formulas we obtain:
3.1. Proposition.
ℓR(T )− ℓR1(T1) =
dimk Ω(R/s)− dimk Ω(R1/s)−
(
dimk(R1/R)− dimk(R1DR1/RDR)
)
.
The above mentioned formulas for ℓR(T ), ℓR1(T1) and ℓR(T )− ℓR1(T1) an be
rewritten in the following way:
From the obvious inlusions DR ⊆ RDR ⊆ SDS one gets
dimk(S DS/RDR) = dimk(SDS/DR)−dimk(RDR/DR). By Corollary 5.3
one has dimk(S dS/DR) = dimk(S/R). Therefore
dimk(S/R)− dimk(S DS/RDR) = dimk(RDR/DR).
By the same argument:
dimk(S/R1)− dimk(SDS/R1DR1) = dimk(R1DR1/DR1).
Substituting these expressions in the above formulas for ℓR(T ) und ℓR1(T1)
and then omputing the dierene yields:
3.2. Proposition.
ℓR(T ) = dimk Ω(R/s)− dimk Ω(S/s) − dimk(RDR/DR) .
ℓR1(T1)= dimk Ω(R1/s)− dimk Ω(S/s)− dimk(R1DR1/DR1) .
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ℓR(T )− ℓR1(T1) =
dimk Ω(R/s)− dimk Ω(R1/s)−
(
dimk(RDR/DR)− dimk(R1DR1/DR1)
)
.
3.3. Denition. The expressions
dimk(RDR/DR) and dimk(R1DR1/DR1) will be alled the
` `exatness-defets of R and R1 respetively.
3.4. Remark. The exatness-defet is a measure for the number of non ex-
at dierentials in the ring. For semigroup rings the exatness-defets are
zero (Proposition 5.2). Rings with exatness-defet zero have maximal tor-
sion ([13, Th. 1℄). For an interpretation of Ω(R/k)/ dR as a yli homology
module see [15, HC1 9.6.15℄. In the graded ase one obtains the Kernel of the
anonial map Ω(R/k)→ Ω(S/k) as shown in [14, Th.2.1℄, whih in our ase
is T = τ
(
Ω(R/k)
)
.
3.5. Remark. If R is a semigroup ring then by Corollary 5.4 we have
dimk(R1DR1/RDR) = dimk(R1/R) so that in this ase we have
ℓR(T )− ℓR1(T1) = dimk Ω(R/s)− dimk Ω(R1/s) .
Using the tehniques already employed in [4℄ we will now give an estimate
for the dierene dimk(Ω(R/s))− dimkΩ(R1/s):
Let zi :=
xi
x
for i = 2 . . . n. Write R1 and R as fator rings of polynomial rings
over s in Zi and Xi with relation ideals n1 and n respetively:
R1 ≃ P1/n1 with P1 := s[Z2, . . . , Zn]
R ≃ P/n with P := s[X2, . . . , Xn].
One has a ommutative diagram with exat rows and olumns:
0 −−−→ n1 −−−→ P1
Zi 7→z1−−−→ R1 −−−→ 0x xXi 7→xZi xxi 7→xzi
0 −−−→ n −−−→ P −−−−→
Xi 7→xi
R −−−→ 0x x x
0 0 0
In the following we identify P with its image in P1, so that we have Xi = x ·Zi
for all i = 2, . . . , n.
Now let
∆1 : P1 → F1 := Ω(P1/s)/n1 · Ω(P1/s) and
∆ : P → F := Ω(P/s)/n · Ω(P/s) denote the ompositions of the universal
derivations of P1 and P over s with the fator maps mod n1 · Ω(P1/s) and
n · Ω(P/s) respetively. Then
F1 = R1 ·∆Z2 ⊕ · · · ⊕ R1 ·∆Zn and
F = R ·∆X2 ⊕ · · · ⊕ R ·∆Xn
are the free modules with bases ∆Zi and ∆Xi respetively and from the above
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diagram one obtains an exat ommutative diagram of R-modules:
0 −−−→ N1 −−−→ F1
∆1Zi 7→δ1zi−−−−−−→ Ω(R1/s) −−−→ 0x x∆Xi 7→x∆1Zi xδxi 7→xδ1zi
0 −−−→ N −−−→ F −−−−−→
∆Xi 7→δxi
Ω(R/s) −−−→ 0x x
0 0
where N1 := R1 ·∆1n1 and N := R ·∆n are the orresponding relation modules
(e.g. see [2℄, Satz 5).
Sine s is a prinipal ideal domain and both R1 and R are nitely generated
s-modules they are also free s-modules, and their rank as s-modules is equal
to q = (K : Quot(s). Therefore F1 and F are both free s-modules of rank
q · (n− 1).
Sine F1/N1 ≃ Ω(R1/s) and F/N ≃ Ω(R/s) are both s-modules of nite
length, the ranks of N1 and N as s-modules are the same as the ranks of F1
and F , namely q · (n− 1).
From now on we identify F with its image in F1 We have
F1 = R1 ·∆1Z2 ⊕ · · ·⊕ R1 ·∆1Zn
F = R · x ·∆1Z2 ⊕ · · ·⊕ R · x ·∆1Zn
and therefore
ℓs(F1/F ) = (n− 1) · ℓs(R1/x · R) =
(n− 1) · ℓs(R1/R) + (n− 1) · ℓs(R/x · R)
= (n− 1) · ℓs(R1/R) + (n− 1) · q,
beause R is a free s-module of rank q, and so ℓs(R/x ·R) = q · ℓs(s/x · s)︸ ︷︷ ︸
=1
= q
On the other hand we see from the above diagram that:
ℓs(F1/F ) + ℓs( F/N︸︷︷︸
≃Ω(R/s)
) = ℓs( F1/N1︸ ︷︷ ︸
≃Ω(R1/s)
) + ℓs(N1/N).
It follows:
ℓs(Ω(R/s))− ℓs(Ω(R1/s)) = ℓs(N1/N)− (n− 1)ℓs(R1/R)− (n− 1) · q(3.1)
Using the fat that ℓs = dimk and substituting equation (3.1) into Proposi-
tion 3.1 we obtain
(3.2) ℓR(T )− ℓR1(T1) =
dimk(R1DR1/RDR) + ℓs(N1/N)− (n− 1) · q − n · dimk(R1/R)
We now try to evaluate ℓs(N1/N).
Let h ∈ n be an arbitrary element of n. Then h =
∑
i2,...,in
αi2,...,inX
i2
2 . . . X
in
n
with αi2,...,in ∈ s. Sine h ∈ n we have
∑
i2,...,in
αi2,...,inx
i2
2 . . . x
in
n = 0. It follows
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that α0,...,0 ∈ m ∩ s = x · s. Therefore we an write
h = β1x+ β2X2 + · · ·+ βnXn +
∑
i2+···+in≥2
αi2,...,inX
i2
2 . . .X
in
n .
{x, x2, . . . , xn} is a minimal system of generators for m as an R-module. There-
fore the residue lasses of x, x2, . . . , xn in m/m
2
are linearly independent over
R/m. Therefore β1, . . . , βn ∈ m ∩ s = x · s. So h is of the form.
h(X2, . . . , Xn) = x
2 ·γ1+x ·
n∑
i=2
γiXi+
∑
i2+···+in≥2
αi2,...,inX
i2
2 . . .X
in
n with γi ∈ s.
Substituting Xi = xi · Zi it follows that there is an f ∈ s[Z2, . . . , Zn] with
h(X2, . . . , Xn) = h(x · Z2, . . . , x · Zn) = x
2 · f(Z2, . . . , Zn).
Sine P1 has no zero divisors f is uniquely determined by h, and we write
f = 1
x2
h.
n1
n˜
n = x2 · n˜
Beause of xi = x · zi for i = 2, . . . , n we have
x2 · f(z2, . . . , zn) = h(x2, . . . , xn) = 0, and therefore
f(z2, . . . , zn) = 0, whih shows that f(Z2, . . . , Zn) ∈ n1.
Dene n˜ := { 1
x2
h | h ∈ n}. Then n1 ⊇ n˜ ⊃ n = x
2 · n˜.
Obviously n˜ is a P -module, and if n is generated by
{h1, . . . , hr} as a P -ideal then n˜ is generated by the orresponding
{ 1
x2
h1, . . . ,
1
x2
hr} as a P -module.
N1 = R1 ·∆1n1
N˜ = R ·∆1n˜
N = R ·∆ n = x2 · N˜
Denote by N˜ := R ·∆1n˜ the R-submodule of N1
generated by {∆1f | f ∈ n˜}. Then we have
N = R ·∆n = R ·∆1(x
2 · n˜) = x2 · N˜.
Sine N is a free s-module of rank (n− 1) · q
then so is N˜ = 1
x2
·N , and we get
ℓs(N˜/N) = ℓs(N˜/x
2 · N˜) = (n− 1) · q · ℓs(s/x
2 · s)︸ ︷︷ ︸
=2
= 2(n− 1) · q.
Then
ℓs(N1/N) = ℓs(N1/N˜) + ℓs(N˜/N) = ℓs(N1/N˜) + 2 · (n− 1) · q.
Substituting this into equation (3.1) we get
(3.3) ℓs(Ω(R/s))− ℓs(Ω(R1/s)) =
ℓs(N1/N˜) + (n− 1) · q − (n− 1) · dimk(R1/R)
and therefore with equation (3.2):
3.6. Theorem.
ℓR(T )− ℓR1(T1) =
dimk(R1DR1/RDR) + ℓs(N1/N˜) + (n− 1) · q − n · dimk(R1/R)
3.7. Remark. If R is a semigroup ring then by Corollary 5.4 we have
dimk(R1 dR1/RDR) = dimk(R1/R), so that in this ase
ℓR(T )− ℓR1(T1) = ℓs(N1/N˜) + (n− 1) · q − (n− 1) · dimk(R1/R)
= ℓs(N1/N˜)− (n− 1) ·
(
dimk(R1/R)− q
)
,
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whih follows also from Remark 3.5 together with formula 3.3.
4. ℓs(N1/N˜) for a omplete intersetion
4.1. Proposition. If the projetive dimension p-dimΩ(R/s) ≤ 1 then
ℓs(N1/N˜) = ℓs(N1/N˜1) + (n− 1) · dimk(R1/R) ≥ (n− 1) · dimk(R1/R),
where N˜1 := R1 · N˜.
Proof. Ω(R/s) = F/N, where F is a free R-module of rank n− 1.
Now p-dim(F/N) ≤ 1 so that N is also a free
R-module, and sine ℓR(F/N) <∞ the rank
of N as R-module is equal to the rank of F .
N is generated by the ∆h with h ∈ n. Sine
R is loal one an hoose a basis of the free
R-module N of the form
{∆h1, . . . ,∆hn−1 | hi ∈ n for all i}. Let
fi :=
1
x2
hi be the orresponding generators
of n˜. Then
N1 = R1 ·∆1n1
N˜1= R1 ·∆1n˜ = R1 · N˜
N˜ = R ·∆1n˜
N = R ·∆ n = x2 · N˜
{∆1f1, . . . ,∆1fn−1} is a system of generators of N˜ as an R-module and also
an R-basis beause both modules have the same rank as R-modules sine
N = x2 · N˜. Let
N˜1 := R1 · N˜ be the R1-submodule of F1 generated by N˜.
Then {∆1f1, . . . ,∆1fn−1} is a basis of N˜1 as an R1-module and therefore
N˜1/N˜ ≃
n−1⊕
i=1
R1/R.
Further N1 ⊇ N˜1 ⊇ N˜, and therefore
ℓs(N1/N˜) ≥ ℓ(N˜1/N˜) = (n− 1) · dimk(R1/R).
If R is a omplete intersetion, n is generated by n−1 elements {h1, . . . , hn−1}.
Then N is generated by {∆h1, . . . ,∆hn−1} and therefore p-dim(F/N) = 1.
Then from Theorem 3.6 and the above Proposition we get:
4.2. Corollary. Let R be a omplete intersetion. Then
ℓR(T )− ℓR1(T1)
= ℓs(N1/N˜1) + (n− 1) · q −
(
dimk(R1/R)− dimk(R1DR1/RDR)
)
≥ (n− 1) · q −
(
dimk(R1/R)− dimk(R1DR1/RDR)
)
.
4.3. Remark. If R is omplete intersetion and also a semigroup ring then
by Corollary 5.4 we have dimk(R1DR1/RDR) = dimk(R1/R), so that in this
ase
ℓR(T )− ℓR1(T1) = ℓs(N1/N˜1) + (n− 1) · q ≥ (n− 1) · q
For a semigroup ring whih is a stable omplete intersetion we know already
from Remark 2.4 that ℓR(T )− ℓR1(T1) = 2 · dimk(R1/R).
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5. Semigroup Rings
Consider a subring R′ of S with k ⊆ R′ ⊆ S and the universal nite derivation
D : S → Ω(S/k) = SDS = S · D t of S over k. The Kernel of D is k, beause
D
( ∞∑
ν=0
αν · t
ν
)
=
∞∑
ν=0
ν · αν · t
ν−1 = 0⇐⇒ αν = 0 for alle ν > 0.
D is a k-linear map, and sine KerD = k ⊆ R′ we have D−1(DR′) = R′. So
we get:
5.1. Remark. Let k ⊆ R′ ⊆ R′′ ⊆ S be two subrings of S. Then the universal
nite derivation D of S over k indues an Isomorphism of k-vetorspaes
R′′/R′ ≃
k
DR′′/DR′
Now let R′ := k[[tn1 , . . . , tnr ]] ⊆ S = k[[t]], n1 < · · · < nr,
be a semigroup ring. We show that in this ase R′DR′ = DR′:
5.2. Proposition.
Let R′ be a semigroup ring. Then:
D : R′ → R′DR′ is surjetive, i.e. R′DR′ = DR′. (Eah dierential of
R′DR′ is exakt with respet to D |R′.)
Proof. Sine R′DR′ = R′ ·D tn1 + · · ·+R′ ·D tnr , it is suient to show that
eah ω ∈ R′D tni has an inverse image in R′ (i = 1, . . . , r):
ω ∈ R′ · D tni ⇒
ω =
∑
ν1,...,νr
αν1,...,νr · (t
n1)ν1 · · · (tni)νi · · · (tnr)νr · D tni
=
∑
ν1,...,νr
αν1,...,νr · (t
n1)ν1 · · · (tni)νi · · · (tnr)νr · ni · t
ni−1 · D t
=
∑
ν1,...,νr
ni · αν1,...,νr · t
ν1n1+···+νini+ni−1+···+νrnr · D t
= D
( ∑
ν1,...,νr
ni
ν1n1+···+(νi+1)ni+···+νrnr
αν1,...,νr · t
ν1n1+···+(νi+1)ni+···+νrnr
)
= D
( ∑
ν1,...,νr
ni
ν1n1+···+(νi+1)ni+···+νrnr
αν1,...,νr · (t
n1)ν1 · · · (tni)νi+1 · · · (tnr)νr
)
︸ ︷︷ ︸
∈R′
Sine S = k[[t]] is a semigroup ring it follows from proposition 5.2 that
S DS = DS. From Remark 5.1 we obtain:
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5.3. Corollary.
SDS/DR ≃
k
S/R as k-vetorspaes
and therefore
dimk(SDS/RDR) ≤ dimk(SDS/DR) = dimk(S/R).
If R is a semigroup ring. Then:
SDS/RDR ≃
k
S/R as k-vetorspaes
and therefore
dimk(SDS/RDR) = dimk(S/R).
R DR
DS = S DS
✲
D
S ✲
D
RDR
If R is a semigroup ring then also R1 is a semigroup ring. So we an apply
proposition 5.2 to R and to R1. It follows with Remark 5.1:
5.4. Corollary. Let R be a semigroup ring. Then:
R1DR1/RDR ≃
k
R1/R as k-vetorspaes
and therefore
dimk(R1DR1/RDR) = dimk(R1/R).
6. Summary
ℓR(T )− ℓR1(T1)
= ℓs(N1/N˜) + dimk(R1 DR1/RDR) + (n− 1) · q − n · dimk(R1/R)
= dimk(R1 DR1/RDR) + dimk Ω(R/s) − dimk Ω(R1/s)− dimk(R1/R)
= ℓs(N1/N˜1) + (n− 1) · q − (dimk(R1/R) − dimk(R1 DR1/RDR))
= ℓs(N1/N˜) + (n− 1) · q − (n− 1) · dimk(R1/R)
= dimk(R1DR1/RDR) + dimk(R1/R)
= ℓs(N1/N˜1) + (n− 1) · q ≥ (n− 1) · q
= 2 · dimk(R1/R)
General Formula:
Semigroup Ring:
Complete Intersetion:
Stable Complete Intersetion:
Semigroup Ring, Complete Intersetion:
Semigroup Ring, Stable Complete Intersetion:
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